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ABSTRACT

This short review on spectral approximations for time-dependent problems consists of
three parts. In part I we discuss some basic ingredients from the spectral Fourier and Cheby-
shev approximation theory. Part I contains a brief survey on hyperbolic and parabolic time-
dependent problems which are dealt with both the energymethod and the related Fourier
analysis. In part III we combine the ideas presented in the first two parts, in our study of
accuracy stability and convergence of the spectral Fourier approximation to time-dependent

problems.
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1. SPECTRAL APPROXIMATION THEORY

1.1. The Periodic Problem - Fourier Approximation

Consider the first order Sturm-Liouville (SL) problem
d
(1.1.1) Ic—da = Ap(z), 0<Lz <27,
augmented by periodic boundary conditions

(1.1.2) #(0) = $(27).

It has an infinite sequence of eigenvalues, A, = ik, with the corresponding eigenfunctions
¢i(z) = e**. Thus, (M\x = 1k, ¢r = €'**) are the eigenpairs of the differentiation operator

D= % in L?[0,27), and they form a complete system in this space. This system is complete

in the following sense. Let L?[0,27) be induced with the usual Euclidean inner product

(1.1.3) (w (@), wa(2) = [ " (2)T5(2) ds.

Note that ¢x(z) are orthogonal with respect to this inner product, for

(1.1.4) (e, &%) = { 0 J#k,

le*=|I> =27 j=k.

Let w(z)eL?[0,27) be associated with its spectral representation in this system, i.e., the

Fourier expansion ~

koo llekl??
or equivalently,
bod . 1 2= .
(1.1.6) wiz)~ 3 (ke (k)= — / w(€)e~ ™.
[t 27 Je=o
The truncated Fourier expansion
N .
(1.1.7) Syw= ), w(k)e*=,
k=-N



denotes the spectral-Fourier projection of w(x) into 7y-the space of trigonometric polyno-

mials of degree < N:

Syw = D(0) + 3 [w(k)e™® 4 B(—k)e™**)

k=1

N
(1.1.8) = @(0)+ kz_j[w(k) + b(—k)] cos kz + i[w(k) — W(—k)] sin kz

N
= E ‘ax cos kx + by sin kz;
k=0

here a; and b, are the usual Fourier coefficients given by

b = (k) + (k) = = [ w(€) cos ke,

(1.1.9)
b = i[w(k) — W(—Fk)] = ;lr-/o w(é) sin kedE.

Since w — Syw is orthogonal to the wy-space:

(1.1.10) (w— Syw,e*®) = 2mi(k) — 2nd(k) =0, |k| <N,
it follows that for any pNev'/rN we have (see Figure 1)

(1.1.11) lw = pll* = llw — Sywl® + || Syw — pyl|*.

Hence, Syw solves the least-squares problem

w
4
FSNUJ
N
Figure 1:
(1'1'12) ”w - SNw“ = MinPNGWN”w - PN”
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i.e., Syw is the best least-squares approximation to w. Moreover, (1.1.11) with py = 0 yields
(1.1.13) I1Swwlf? = |lwl* - [lw = Swwl? < [l

and by letting N — co we arrive at Bessel’s inequality

(1.1.14) 2”,,2 Iw(k)lzzkg) a(R)Plell? < ol

Remark: An immediate consequence of (1.1.14) is the Riemann-Lebesgue lemma, asserting
that L g

(k) = 5;‘/; w(€)e *éd¢ :;0, for any weL?[0,27).
The system {¢x = €**} is complete in the sense that for any w(z)eL?[0,27) we have

Parseval equality:

(1.1.15) o 3 [k s S k)P = lul?,

k=—o00 k=—o00

which in view of (1.1.13), is the same as
N .
(1.1.16) A}im |l Svw = Y w(k)e™ — w(z)|| = 0.
—+00 Y

The last equality establishes the L? convergence of the spectral-Fourier projection, Syw(z),

to w(z), whose difference can be upper bounded by the following

Error Estimate:

lw — Sywl® = lwll® — ISxwl* = 3 [o(R)Pllgel® =27 3. |d(k)

[k|>N |k|>N

We observe that the RHS tends to zero as a tail of a converging sequence, i.e.,
N

(1.1.17) /02' () = Y w(k)er e = 2x 3 (k)P — 0.

k=—N kI>N

The last equality tells us that the convergence rate depends on how fast the Fourier coeffi-

cients, W(k), decay to zero, and we shall quantify this in a more precise way below.

Remark (1.1.17) yields uniform a.e., convergence for subsequences; in fact one can show

. _ . Np+1
(1.1.18) a.e. ,,ILIE, lw(z) — Sy,w(z)| = 0, 1r;f N, > 1.



In fact, w(z) = a.e. limy_, o Syw(z) for all weL?[0,27], but a.e. convergence may fail if w(-)
is only L'[0,2x]-integrable. i

Yet, if we agree to assume sufficient smoothness, we find the convergence of spectral-
Fourier projection to be very rapid, both in the L? and the pointwise sense. To this we

proceed as follows.

Define the Sobolev space H*[0,2r) consisting of 2x-periodic functions which their first

s-derivatives are L%-integrable; set the inner product
hd 2x —_
(1.1.19) (wr, wa)pps = 3 / DPwy(z) DPwy(a)dz.
p=0"0

The essential ingredient here is that the system {e'**} — which was already shown to be
complete in L?[0,27) = H°[0,27), is also a complete system in H*[0,27) for any s > 0. For
orthogonality we have
0 j#k
(1.1.20) (™, 7)o = .
’ 2n Y _k*® j=rk.
p=0

The Fourier expansion now reads

o0

(1.1.21) w(z)~ ). w,(k)e™

k=—o00

where the Fourier coefficients, 1,(k), are given by

(w(=), &™) ar

(1.1.22) (k) = e

We integrate by parts and use periodicity to obtain

, 5= —_—
(w(z), e** )y, = Z/ DPw(z)Dretkzdz =
p=0"0
d 2x
= Z(—l)”/ w(z)D¥Petkzdz
p=0 0

= -1k [T (e g

p=0

and together with (1.1.20) we recover the usual Fourier expansion we had before, namely
. . 1 rig —ike
1. (k) = = — edE.
(1.1.23) (k) = (k) = 5 [ w(O)e™ g

4



The completion of {¢***} in H*[0,27) gives us the Parseval equality, compare (1.1.15)

o — Syl = 32 (k)P (% = 3 ok z}: k7] >

\k|>N [k|>N

(1.1.24)

SN 2r S (k)| = SN ||w — Syul.

p=0 jki>N p=0
Since

l.5
(1.1.25) Consty (1 + Nz)./z < (Z sz) < Consty(1 + Nz)‘;',
p=0

we conclude from (1.1.24), that for any weH*[0,27) we have

1
(1.1.26) lw — Syw|| < Const, - —

N weH*[0,27).

Note that Const, = Const, - ||w — Snvw||as -N—> 0. This kind of estimate is usually refered

to by saying that the Fourier expansion has spectral accuracy, i.e., the error tends to zero

faster than any fixed power of N, and is restricted only by the global smoothness of w(z).
We note that as before, this kind of behavior is linked directly to the spectral decay of
the Fourier coefficients in this case. Indeed, by Cauchy-Schwartz inequality

U e - 1
l (k)l _l J(k)l S “eikz”%{. = (2 Za_ k29)1 H “
(1.1.27)
1
< Const - —————(1 TR

In fact more is true. By Parseval equality

lwllh = E (k)€™ |5 = 2m Z (Zk”) (k)1

k=—o00 k=—o00

and hence by the Reimann-Lebesgue lemma, the product (14]k|?)2|d is not only bounded

(as asserted in (1.1.27), but in fact it tends to zero,
(1 + K1) o) — 0.

Thus, (k) tends to zero faster than |k|™* for all w(z)eH". This yields spectral convergence,

for

1
|lw — .5'Nw||2 = 2 E lw(k)|2 < Const. Z _p Const,W
|k|>N |k|>N | | )



i.e., we get slightly less than (1.1.26),

1
|lw— Syw|| < Const.N’ -—0 s>1

Moreover, there is a rapid convergence for derivatives as well. Indeed, if w(z)eH*[0,27)

then for 0 < ¢ < s we have

ho— Syulde = 3 (@2n3 k)R]

[k|>N p=0

IA

Const. Y (1+ |k|*)7|w(k)|?

|k|>N

Const. 3° —(—lﬂ)—] (R)? <

IA

|k|>N(1+N2 e
(2 )
< Const. — = 7
|k|z>:N (1 +N2)s 4
|lw — Swwl|l%s
< Const V(=)
Hence
‘ 1
(1.1.28) llw — Syw||ge < Const, - oo © <s, weH’[0,2n)

with Const, ~ |[w — Syw|

g+ — 0. Thus, for each derivative we “lose” one order in the
N—oo

convergence rate.
As a corollary we also get uniform convergence of Syw(z) for H'[0,27)-functions w(z),

with the help of Sobolev-type estimate
(1.1.29) Maxo<z<2x|v(z)] < Const.||v||z.

(Proof: Write v(z) = 9(zo) + J v'(z)dz with ¥(z)

= L [¥y(z)dz, and use Cauchy-
Schwartz to upper bound the two 1ntegrals on the right.)

Utilizing (1.1.20) with v(z) = w(z) — Syw(z) we find

Maxoczcor|u(z) — Syw(z)] < Const.|lw — Syw||m

(1.1.30) .
< Const,N - N_m(,) weH'(0, 27).
Corollary: Assume w(z)eH'[0,27). Then
(1.1.31) w(z) = Y w(k)e*=
k=—00

6



In closing this section, we note that the spectral-Fourier projection, Syw(z), can be

rewritten in the form

NN I - ik(z—¢)

Snw(z) = k:L_ij(k)e - 2—,’r/&ow(g) 3 O =

(1.1.32a)
= [ Duta - ule)d
where
1 XN 1sin(N+l)(:n—§)

)= & ira—g) - L 2

(1.1.32b) Dy(z —€) o kzz—:Nek 5 sin(%i) :

Thus, the spectral projection is given by a convolution with the so-called Dirichlet kernel,

Lsin(N—#%)m

1.1. =
(1.1.33) Do) = oz
Now (1.1.23) reads
1
(1.1.34) |lw(z) — Dn(z) * w(z)| < Const, - N Const, ~ ||w|| gs.



1.2. The Pseudospectral (Collocation) Approximation

We have seen that given the “moments”

R 1 2 —ike
= — b —N<Ek<
(k) = 5= _/ezo'w({)e df, —N<k<N,

we can recover smooth functions w(z) within spectral accuracy. Now, suppose we are given

discrete data of w(z): specifically, assume w(z) is known at equidistant collocation points
(121) wl/:w(wv)7 q;y:r+yh, V=0,1,"',2N.

Without loss of generality we can assume that r—which measures a fixed shift from the origin,

satisfies

27
2. < h = .
(122) 0<r« SN T 1

Given the equidistant values w,, we can approximate the above “moments,” 1(k), by the

trapezoidal rule 2

h 2N41 N 1 2N .
123 7 k | J—— " v — KTy = N -1 :x:y.
( ) w(k) 27r§=:0 w,e 2N+1§we

Using (k) instead of (k) in (1.1.7), we consider now the pseudospectral approximation
N .
(1.2.4) Yyw= Yy w(k)e*.

k=-N

The error, w(z) — ¥Yyw(z), consists of two parts:

w(z) — pyw(z) = 3 w(k)e*® + 3 [i(k) — b(k)]e™.

[k|>N |k|<N

The first contribution on the right is the truncation error

(1.2.5) Tvw(z) = (I — Sy)w(z) = lkIZN w(k)e™=,

We have seen that it is spectrally small provided w(z) is sufficiently smooth. The second

contribution on the right is the aliasing error

(1.2.6) Ayw(z) = Y [w(k) — w(k)]e™.

[kj<N

This is pure discretization error; to estimate its size we need the

25" and 3" indicate summation with % of the first and respectively, the first and the last last terms.

8



Poisson’s Summation Formula (Aliasing)

Assume w(z)eH'[0,27). Then we have

(1.2.7) w(k) = i ePENHITG K 4 p(2N + 1)).

pP=—00

Proof: For w(z)eH'[0,27) we insert its Fourier expansion

~ _ —tkzy _ AL N8I —1 :.r:,,.
(1.2.8) w(k) = N1 ngow(m,,)e N T 1 ;:0 j}_w w(7)e e

Since w(x) is assumed to be in H', the summation on the right is absolutely convergent
1
H

ap 1
O m;) < Const.||w|| g,

3

J

(129 3 G < (2(1 +57)

j=—o0 '

and hence we can interchange the order of summation

1 oo 2N

1.2.10 i(k) = (5 Ha=k)ev,

(1.2.10) w(k) 2N+1j§mw(])y§oe

Straightforward calculation yields

1 ZZIE ei—k)r+vh) _ ili=k)r 1 . 22% e kW sifr —
2N +1 .5 2N +1 %=
(1.2.11) el-R BN _
+1 _ .
_ b 1 P 1 0 j—k #0[mod 2N + 1]
2N +1
ON +1, j—k=p (2N +1).

and we end up with the asserted equality

_ o0 . 1 2N ik oo ) N ]
w(k): Z w(]).ZN-{—lZe(J k)z. _ Z w(k+p(2N+l))_etp(2N+1).

j=—o00 v=0 p=—o00

We note that once w(z) is assumed to be smooth, it is completely determined (pointwise,

that is) by its Fourier coefficients W(k); so are its equidistant values w, = w(z,) and so are

its discrete Fourier coefficients w(k). The last formula shows that w(k) are determined in

terms of 1W(k), by folding back high modes on the lowest ones, due to the discrete resolution

of the moments of w(z): all modes = k[mod2N + 1] are aliased at the same place since they

are equal on the gridpoints

(1.2.12) g (k+p(2N+1))zw _ ip(aN+1)r | ik,



Let us rewrite (1.2.7) in the form

w(k) = w(k) + 3 PNV gk + p(2N + 1))
p#£0

Returning to the aliasing error in (1.26), we now have

(1.2.13) Ayw(z) = Y LZ eP NI ik +p- (2N + 1)) | e*=.
<N |p#0
We note that Tyw(z) lies outside mx while Ayw(z) lies in mx, hence by H*-orthogonality
|w(z) — Yavw(e)|%. = 3, (1+ k%) [ak)P? «— truncation
lk|>N

ST (L[R2 S €PN gk + p(2N + 1))? « aliasing.
[El<N p#£0

Both contributions involve only the high amplitudes — higher than N in absolute value; in

fact they involve precisely all of these high amplitudes. This leads us to aliasing estimate

D0 (L[R2 30 PN bk + p(2N +1))? <
[klI<N p#£0

HE ;(1 + |k + p(2N + 1)]?)*|@(k + p(2N + 1))

(1.2.15) Sl Ll '
Maxjk<n ) [1 +|k+p- (2N + 1)]’] s

P#0

1+N% )
T 2, — .
” N’w(m)“H ge% [1 +4p2N2]

Hence, we conclude that for any s > % we have

1
(1.2.16) |Ayw(z)||gs < Const, - |Tyw(z)||gs, s> 5
Augmenting this with our previous estimates we end up with spectral accuracy as before,
namely
1 . 1
(1.2.17) |lw — ¥nw|lge < Const, - Noo weH?’[0,21), s>0> 5

We observe that ¢ yw(z) is nothing but the trigonometric interpolant of w(z) at the equidis-

tant points z = z,,:

g: 1 % ik 1
¢Nw(m)|a:=:r,‘ - 'UJ((EV)C_' Tv | ¥ —
k=—N 2N + 1 v=0
(1.2.18)
= 221\5 w(mu) . 1 év: eik(“—V)h — 'UJ(ZJ“)
o 2N +1 .=y

10



This shows that v is in fact a ¥seudospectral projection, which in the usual sin-cos formu-

lation reads

N
Ynw = Z 'ar cos kx + by sin kx
k=0
(1.2.19)

ak cos kz
[i)k} 2N+lz (")[smkm:]
Thus, trigonometric interpolation provides us with an excellent vehicle to perform approxi-
mate discretizations with high (= spectral) accuracy, of differential and integral operations.
These can be easily carried out in the Fourier space where the exponents serve as eigenfunc-
tion. For example, suppose we are given the equidistant gridvalues, w,, of an underlying
smooth (i.e., also periodic!) function w(z), w(z)eH*[0,27). A second-order accurate discrete
derivative is provided by center differencing

dw W4y — W

v—-1 2
s+ O(h?).

Note that the error in this case is, O(h?) = w(®(¢)A?, no matter how smooth w(z) is.
Similarly, fourth order approximation is given via Richardson procedure by

dw o S[wv+1 - wu—l] - [wu+2 - wu—z]

12h

+ O(hY).

The pseudospectral approximation gives us an alternative procedure: construct the trigono-
metric interpolant

N 1

, 2N '
(1.2.20) Yyw(z) = > w(k)e™, w(k) = AN 11 lIzz:ouz,,e_"””".

k=-N

Differentiate — in the Fourier space this amounts to simple multiplication since the exponen-

tials are eigenfunctions of differentiation,

d N .
(1.2.21) —pyuw(z) = Y w(k)ike*,
dz -y
and we approximate
dw d
(1.2.22) d—(:z: T,) = EI/)Nw(:c)],:,y + spectrally small error.

Indeed, by our estimates we have for w(z)eH*[0,27),s > 1,

Const,

(1.2.23) Max0<z<2,| d w(a:) - i1/JNw( )| < Const.||w(z) — Ynw(z)||g2 < o2

11



which verifies the asserted spectral accuracy. Similar estimates are valid for higher deriva-

tives. To carry out the above recipe, one proceeds as follows: starting with the vector of

gridvalues, 1 = (wp, - - -, wa), one computes the discrete Fourier coefficients
1 2N +

1.2.24 v(k) = ve P N <k<

( ) w( ) 2N + 1 Vz=%w € ) — — N)

or, in matrix formulation

2.2 . = . — —ikx,,
(1 5) U F : ’ Fkv N +1 3
‘LU(N) W N
then we differentiate
(1.2.26) w(k) — ikw(k),
or in matrix formulation
w(—N) w(—N) —iN
(1.2.27) : — A : , A= )
w(N) w(N) 1N
and finally, we return to the “physical” space, calculating
N .
(1.2.28) > ikw(k)e™™, v=0,1,---,2N,
k=—N
or in matrix formulation
dw
3‘;(-’”0) —iNW(—N)
(1.2.29) : = F*- (2N +1) : , (2N + 1)F2 = e
dw ' No(N
E(sz) 'LN'U)( )
The summary of these three steps is
w'(mg) Wo
(1.2.30) : =yD : , ¥D = (2N + 1)F*AF,
w'(mzN) WaN

where 1D represents the discrete differentiation matrix, and similarly 1.D* for higher deriva-

tives.

Note: Since (2N + 1)F*F = I,n4; (interpolation!) we apply ¥ D* = (2N + 1)F*A*F. How

does this compare with finite differences and finite-element type differencing?

12



In periodic second-order differencing we have

o1 ... 0 -1
-1 0 0
FD, = 1 : : s
2 — 2h : . . !
0 0 1
| 10 - -1 0
fourth order differencing yields
[ 0 8 -1 1 -8]
-8 0 1
1
FD, = o7 : B
-1 0 8
. 8 -1 .- 1 -8 0]

In both cases the second and fourth order differencing takes place in the physical space.
The corresponding differencing matrices have finite bandwidth and this reflects the fact that

these differencing methods are local. Similarly, finite-element differencing,

1 4 1 Wy41 — Wyp-1
U T g TS T g

corresponds to a differencing matrix

[ 4 1 177!
6 6 6 01 0 —1]
1 -1 0 0
FE=| g 2
0 0 1
1 1 4 10 -1 0|
L 6 6 6

We still operate in physical space with O(N) operations (tridiagonal solver) and locality
is reflected by a very rapid (exponential decay) away from main diagonal. Nevertheless, if
we increase the periodic center differences stencil to its limit then we end up with global

pseudospectral differentiation

(1.2.31) L uz) = 3 [E $ aemihen | e,
2. 7 ¥vw(z) = 2 \av+1 Fow“e e,

recall the Dirichlet kernel (1.1.33)

Na ei(2N+l)z -1 SiIl(N + %)m

N
thkx _ _—1 —
(1.2.32) kg—:Ne =e =1 sint ,

13



and its derivative,

iSiH(N +3)z _ (N + 3)cos(N + 2)zsin £ — L cos Esin(N + L)z

N
(1.2.33) kENike*’“ =% ez sm22§ 2
so that
(1.2.34) g: sheik(v—mh _ (N + %) CO.S[(]X,:I; ';')(V - /‘)h].
k=N sin(=5)
Hence (1.2.31), (1.2.34) give us
(1235) w/(2) = Sgmw(,) = % LD D=

dz =0 2 sin(257E) 2sin(Z22)

In this case 9D is a full (2N + 1) x (2N + 1) matrix whose multiplication requires O(N?)
operations; however, we can multiply 1 D[w] eficiently using its spectral representation from

(1.2.30),

YD = (2N 4+ 1)F*AF.
Multiplication by F' and F* can be carried out by FFT which requires only O(N log N)

operating and hence the total cost here is almost as good as standard “local” methods, and
in addition we maintain spectral accuracy.

We have seen how the pseudospectral differentiation works in the physical space. Next,
let’s examine how the standard finite-difference/element differencing methods operate in
the Fourier space. Again, the essential ingredient is that exponentials play the role of

eigenfunctions for this type of differencing. To see this, consider for example the usual

second order center differencing, D,(h), for which we have

tkx —tkzy~ S o)
tha _ € vl — e v-t _ 'LSlIl(kh) skx
(1236) Dg(h)e |:c=::., - 2h - h € l3-'=

Ty

The term ﬂéﬂz is called the “symbol” of center differencing. By superposition we obtain

for arbitrary grid function (represented here by its trigonometric interpolant)

N

(1.2.37) Yavw(z) = > w(k)e™
k=—-N

that

wu+1_wv—l Y ~ k.

——— = Dh(h)Yyw = Z W(k)Dy(h)e™ | e

2h — v
(1.2.38)
N P
_ Z zsm(kh)zb(k)eikzlzz,,y.
k=—N h

14



It is second-order accurate differencing since its symbol satisfies

isin(kh)

— =ik + O(k*h?).

(1.2.39)

Note that for the low modes we have O(h?) error (the less significant high modes are differ-
enced with O(1) error but their amplitudes tend rapidly to zero). Thus we have

d Y sin(kh) ,, -

- - Dafnl? = 3 1~ TP la(k)?

L k=—N

(1.2.40)
< Const.h* ) (1+ |k|2)3|@(k)|* < Const.h* - |[ynwl|s,
|k|<N

and this estimate should be compared with the usual

d Wyt1 — We-1
z,) — Det1 = Wt

E‘w( oh < Const.h? - Max, ‘w(a)(m)| .

The main difference between these two estiamtes lies in the fact that (1.2.41) is local, i.e.,
we need the smoothness of w(z) only in the neighborhood of z = z, and not in the whole
interval. The analogue localization in the Fourier space will be dealt later.

Similarly, we have for fourth order differencing the symbol

1| sinkh sin2kh : 514
1-3-4 T o ]-zk—i—O(kh).

In general, we have difference operators whose matrix representation, D, is of the form
(1.2.41) D=[dy] —-N<j;k<N
and it is periodic and antisymmetric (here [¢] = {[mod 2N + 1])
(i) periodicity djr = dix—j
(1.2.42)
(ii) antisymmetry d;x = —dy;.

Matrices satisfying the periodicity property are called circulant, and they all can be diago-

nalized by the unitary Fourier matrix

(1.2.43) D=U'AU, U=(@N+1)i-F, U'U = Ly,

15



Indeed, with p — ¢ = £ we have

1 N .
U*DU]. — LN —tkzg _
[ ]Jk oON + 1 p’(I:XzN € (p—q]€
1 i ilrH(atOR] g o~ ik(r+ah)
= e
2N +1,%y “
(1.2.44) -SRI S
= Z e' d[ . Z e_‘( —J)'(T+qh)
2N +1,2, 9 =,
0 j#k,

N .
z etklhd[l] ] — k,
{=-N

and using the antisymmetry we end up with symbols A,
N

(1.2.45) A =diag(A_n, -+, AN), Ak =210 dysin(kLh).
=1

As an example, we obtain for the finite-element differencing system

sinkh /4 1 . 1 .
N 401 gn 1 _.kh) _
BT (6+Ge tge

(1.2.46) )
62 sin(kh
= — ——— =3k + O(hY).
R T3 2cos(kh) ~ kO
In general, the symbols are trigonometric polynomials or rational functions in the “dual
variable,” kh, which has “exact” representation on the grid in terms of translation operator
(polynomials or rational functions), and accuracy is determined by the ability to approximate

the exact differentiation symbol ik for|k| ~ 1, see Figure 2.
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spectral symbols )\k =1k 4
—
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S——
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S~
finite-difference symbols Ak ~ 1k
~
~
~~
e S
-N
~ k
N
Figure 2:

1.3. Spectral and Pseudospectral Approximations - Exponential Accuracy

We have seen that the spectral and the pseudospectral approximations enjoy what we
called “spectral accuracy” — that is, the convergence rate is restricted solely by the global
smoothness of the data. The statement about “infinite” order of accuracy for C* functions
is an asymptotic statement. Here we show that in the analytic case the error decay rate is
in fact exponential.

To this end, assume that

(1.3.1) w(z)= Y w(k)e™*, |Im z| < n <1,

k=—o00
is 27-periodic analytic in the strip —n9 < Im 2z < my. The error decay rate in both the
spectral and pseudospectral cases is determined by the decay rate of the Fourier coefficients

w(k). Making the change of variables { = e'* we have for
(1.3.2) v({) = w(z = +udn(),

the power series expansion

o0

(1.3.3) w(()= 3wk

k=—o00

17



By the periodic analyticity of w(z) in the strip |[Imz| < 5 < 7o, v(() is found to be single-

valued analytic in the corresponding annulus
(1.3.4) e™ < |n| < e™,

whose Laurent expansion is given in (1.3.3):

(1.3.5) k) = —— /mzrv((')(“(k“)dc, e <1< €™,

27

This yields exponential decay of the Fourier coefficients
(1.3.6) [o(k)| < M(n)e ™",  M(n) = MaxXjrms|alw(2)l, 0 <7 <o

We note that the inverse implication is also true; namely an exponential decay like (1.3.6)

implies the analyticity of w(z). Inserting this into (1.1.24) yields

w(k)[* <

lw— Syw|® = 2«
{k[>N
(1.3.7)
< or. Mz (n) - Z e=2kn — g, 2 A1) M?(n) . e=2Nn
Ik|> N e’ — 1

and similarily for the pseudospectral approximation

(1.3.8) lw — Yywl|]* < Const ("7) e,

Note that in either case the exponential factor depends on the distance of the singularity

(lack of analyticity) from the real line. For higher derivatives we likewise obtain

—2Nn
(139)  lhw— Syl + v — pwwllye < Const.N* - M(n)- 2
We can do even better, taking into account higher derivatives, e.g.,
1
3 kik) = 5 | ~d
(1.3.10) W) = g [ O
so that with
(1.3.11) M,(n) = € Y Maxjgj=en|v (),
7=0
we have
(1.3.12) w(k)| < My(n)e ™",
and hence
—2Nn
(1.3.13) |lw — Snw||ye + ||w — ¥yw||/ie < Const. Mz(n) —

18



1.4. The Non-Periodic Problem — Chebyshev Approximation

We start by considering the second order SL problem

(1.4.1) \/1—3:2 (\/1——.7;2 ¢)—)n,b(:z:) -1<z<1.

This is a special case of the general SL problem

—._1 mdlp 1 X ) = T w
(1.42) -W—wwm<ﬂ ) S = W) paw0

Noting the Green identity

(143) (L9t = [ ~(0)'$+ b6 = p@) 811 + (6, Lo 1,81 = 06" — 69,

we find that L is formally self-adjoint provided certain auxiliary conditions are satisfied. In
the nonsingular case where p(a) - p(b) # 0, we augment (1.4.2) with homogeneous boundary

conditions,

(L4.4) W(a) = $(a) = 0, (8) = $(b) = 0.

Then L is self-adjoint in this case with a complete eigensystem (Ag,x(z)): each

w(x)eLy(z)|a, b] has the “generalized” Fourier expansion

PN C) RTAC) B

(1.45) w(z) ~ Y w(k)u(a)

k=0 ’ (@)
with Fourier coeflicients
1.4.6 w(k z z)w(z)dz
(1.46) (k) = o [ wle(eelz)
The decay rate of the coefficients is algebraic: indeed
1 1
i k = < —_— L "u) w =
Y= e
11 .
(1.4.7) = ok 3 (P(2) - ey wlla + (¥, L))

1 )
ez P >:

L(J)w)lu s (¢k’ L(,)w)‘d'
k

The asymptotic behavior of the eigenvalues for nonsingular SL problem is

2
Ag ~ —-——7rk_(_2—- ~ Const.k?
L2y Seyde
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and hence, unless w(z) satisfies infinite set of boundary restrictions we end with algebraic

d f w(k
ecay of (k) (k) ~ 1 p(=) (2wl ~ Const
el A

This leads to algebraic convergence of the corresponding spectral and pseudospectral pro-

jections.
In contrast, the singular case is characterized by having, p(a) = p(b) = 0, in which case
L is self-adjoint independently of the boundary conditions since the brackets [ , | drop, and

we have spectral decay-compare (1.1.22)

1 1 2w,
AR A’ “S X Wl

provided w(z) is smooth enough; that is, the decay is as rapid as the smoothness of w(x)

(1.4.8) (k) = - (i, Lw),, <

may permit.

Returning to the singular SL problem (1.4.1) we use the transformation

d 1 d 1 d
(149) T = COS@, — =g Ta =

de ~ & 4§ \1-z2dd

which yields

(1.4.10) THO = 240), 4(0) = Y(cos),
obtaining the two sets of eigensystems

(1.4.11a) (A = k°, dx = cos k),

and

(1.4.113) (Ax = k?, ¢r = sinkf).

The second set violates the boundedness requirement which we now impose
(1.4.12) [e(£1)] £ Const.,
and so we are left with
(1.4.13) (A = k%, Yi(z) = cos(kcos™ z)).
The trigonometric identity
cos(k + 1) = 2cosf cos kf — cos(k — 1)8
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yields the recurrence relation

(1.4.14) P (2) = 209(2) — Bua(z),  Yole) = 1, a(e) = =,

hence, ¥i(z) are polynomials of degree k — these are the Chebyshev polynomials
(1.4.15) Ti(z) = cos(kcos™ z)

which are orthonormal w.r.t. Chebyshev weight w(z) = (1 — 22)73,

[ 0 37k

aa16) @@ TEL= [ B - = F i=k>0

| |Tol2=7 j=k=0.

In analogy with what we had done before, we consider now the Chebyshev-Fourier expansion

(1.4.17) fj k)T(z), (k)= (w(ﬁﬁj’f{’[ﬁ"’))“.

To get rid of the factor } for £ = 0 we may also write this as

(1.4.18a) w(z) ~ 3 B(k)Tu(z)

k=0
where
(1.4.18%) W(k) = (w(m);r?;(m))w - %/_11 w(m)c(:;(lk_co;;l z)dz

or using the above Chebyshev transformation

(1.4.18¢) w(k) = %/:0 w(cos €) cos k¢ dE.

Thus, we go from the interval [—1,1] into the 27-periodic circle by even extension, with

Fourier expansion of w(cos ), compare (1.1.9) and see Figure 3,

w(k) = "l—r/: w(cos §) cos kéd¢ = _72;/: w(cos £) cos k€dE.

Another way of writing this employs a symmetric doubly infinite Fourier-like summation,
where

o0

(1.4.19) w(:z:)~% > w(k)Ti(z)

k=—co
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w(0) = w(z = cosh)

.z = cosl

+1

w(8) = w(—6)
Figure 3:
with T_,(z) = Ti(z) and

(1.4.20) a(k) = 2 _11 “’\(/Ll):_r_i%)

The Parseval identity reflects the completeness of this system

dz, —oo <k < cc.

. _ [ Wi(z)dz
lw(2)llz = A

7 |712OF + 3 ZI (k)2

k;eo

| psema——]

(1.4.21)

T o0

= -2 (k)

>
which yields the error estimate

Ul A

lw — Swwllz = 3 3 [@(k)[*.
k>N

Now, in order to get a measure of the spectral convergence we have to estimate the decay
rate of Chebyshev coefficients in terms of the smoothness of w(z) and its derivatives; to
this end we need Sobolev like norms. Unlike the Fourier case, {Ti(z)} is not complete with
respect to H® — orthogonality is lost because of the Chebyshev weight. So we can proceed
formally as before, see (1.1.24),

w(k)®

1.4.22 w— Syuw||% =2n [w(k)|? <
( ) ” N ”T ’»2;’ ( ) S (1+N2)

i.e., if we define the Chebyshev-Sobolev norm
lwlideg, = D2(1 + [&[*)* (k)P
k=0
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then we have spectral accuracy
1 s
|lw — Syw||z < Const, - N weHz[-1,1].

In fact the Hf space can be derived from appropriate inner product in the real space as done

in Fourier expansion. The correct inner product is given by — compare (1.1.19)

s 2% d2p d2p
(1.4.23) (wx,wz)yg' :;:%(prhfzpwz)T . “,Z-/@ gV cose)d@2 wy(cos 6)d8,
so that
0 J #k,
(1.4.24) (T, T. )Hz. =

-—Zk"", 7 = k (with 7 factor at j = k = 0).

P_

Hence the Fourier coeflicients in this Hilbert space behave like
(1.4.25) (@), Te)mge ~ SO(1+ K2 (k),
k=0

and the corresponding norm is equivalent to

o0

(1.4.26) lfa ~ Y21+ k2 (k).

k=0

The reason for the squared factors here is due to the fact that L is a second order differential

operator, unlike the first-order D = £ in the Fourier case, i.e.,

(1.4.27) i 1+ |k[?)*|w Z I1L7w|7

involves the first 2s-derivatives of w(z) — appropriately weighted by Chebyshev weight. This
completes the analogy with the Fourier case, and enables us to estimate derivative as well-

compare (1.1.28 - 1.1.29),

, 0<s, weHj[-1,1].

1
(1.4.28) lw— Sywllgg < Const,F

Next, let’s discuss the discrete setup. Because we seek an even extension of the upper semi-
circle we consider the case of even number of grid points — equally distributed along the unit

circle. One choice is to look at

1. T h
9,,=r+uh=(u+§)-N— (h—ﬁ’r—i)
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z, = cos{(v + %)11\',—]
Figure 4:

which gives the usual Chebyshev interpolation points, see Figure 4. The second choice -

which we will concentrate from now on — takes into account the boundaries, where we look

at 5
Ly s
gu—Vh—V—ﬁ (h—W,T—_—O)
which yields, see Figure 5,
(1.4.29) z, = cos{(vh), v=0,1,---,N.

The trapezoidal rule is replaced by Gauss-Lobatto rule for (1.4.20), i.e., starting with

b,

T, = cos(vh)

Figure 5:
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(1.4.18¢), we have

x N
(1.4.30) w(k) = -72? ./ezo w(cos §) cos kédé — % > "w(cos b,) cos kb, -

v=0

.S
N’
and we end up with the discrete Chebyshev coefficients

2 N
(1.4.31) (k) = 5 > "w,Ti(z,), 0<k<N.

v=0

Indeed, this corresponds to the case of Fourier interpolation with even number of equidistant

gridpoints 6, in (A.1.2), for

(k) = L 2215 My o=ikbup l g: w [e“""" + e.'ka,,} 2_7r _
27r v=0 Y T v—0 v 2N
2 N
= ¥ )Y “w, cos(kb,).

Then one may construct the Chebyshev interpolant at these N + 1 gridpoints

N
(1.4.32) Yvw(z) =Y "w(k)Ti(z).
k=0
We have an identical aliasing relation
(1.4.33) w(k)= ) w(k+2pN)
p=—o0

(compare A.1.5), and hence spectral convergence, i.e., (compare (1.2.14) and (1.2.12))

weHz, s > o,

(1.4.34) llw(z) — Yww(z)llag < Const, - _N}_,’

where Const, ~ |lw||n;.

Example: We have the Sobolev imbedding of L* space
3

JPI 1
w(k)|*- (lJr—kz)i:)

k

el < 3 el < g (Tasey

k=-oco

< Const, - “wHH;, o> 2

Consequently,

1
Na—tr’

N —

Max.|w(z) — Ynw(z)| < (Const, ~ ||w||ay) - s>o0>
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In particular, with s = N + 1 we obtain the "usual” estimate for the near minmax approxi-

mation ( collocated at at z, = cos ((u + %) T’f,—))
e-—N
Max.|w(z) — Yvw(z)| < Const.||w| gr+: - ~T
We briefly mention the exponential convergence in the analytic case. To this end we employ

Bernstein’s regularity ellipse, E,, with foci 1 and sum of its semi axis = 7. Denoting
(1.4.35) M(n) = Max,g,|w(z)|, r=¢".
We have

Theorem. Assume w(z) is analytic in [-1,1] with regularity ellipse whose sum of semiazis
=ry=¢€™ > 1. Then

lw(z) — Yxw(e)| e + [lw(z) — Syw(z)||k < Const (Tl) . N27e=2Nn,

Proof: The transformation z = (¢ +¢71)/2 takes E,, from the z-plane into the annulus

rg! < |¢| < 7o in the {-plane. Hence, v(() = 2w (z = gﬂz_—l) admits the power expansion

(1.4.36) v(() = 2w (C +2C—1) = i ﬁ)(k){k, ot < ¢ < ro= efo:

k=-o00

indeed, setting ¢ = €' and recalling W(—k) = wW(k), the above expansion clearly describes
the real interval [-1,1]

[ o]

(1.4.37) w(z = cos ) = Y _ "w(k)cos k6.
k=0
By Laurent expansion in (1.4.36)
2 — 1 V(C) —No 7o
(1.4.38) (k) = 5 /m:r fdl, e <r<em
hence
(1.4.39) lb(k)| < M(n)e™*"

and the result follows along the lines of (1.3.7-8).

Finally, we conclude with discussion on Chebyshev differencing. Starting with grid values
w, at Chebyshev points x, = cos (u ﬁ), one constructs the Chebyshev interpolant
N 2 N
(1.4.40) Yyw(z) =Y "w(k)  Ti(z), w(k)= NZ "w, cos(kz,).
v=0

k=0
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One can compute w(k),0 < k < N, efficiently via the cos-FFT with O(N log N) operations.
Next, we differentiate in Chebyshev space

d N o ... d
(1.4.41) 2;1/1Nw(m) =3 (k) Tk(a:)
k=0
In this case, however, Tk(z) is not an eigenfunction of d%; instead ﬁ-Tk(m) - being a polyno-
mial of degree < k — 1, can be expressed as linear combination of {T;(x) f;é (in fact Ty(z)
is even/odd for even/odd k’s): with co = 2, x>0 = 1 we obtain

d

(1.4.42) —Tk(zz = 3 Ti=
Ck 0gi<k
h—j odd
and hence
d N
(1.4.43) —pyw(z) =Y wk)— > Tj=
de k=0 ok 0gi<h
k—3 odd
Rearranging we get
d al iy 2 .
(1.4.44) E_¢Nw Z (BYTw(z), @'(k)y=— Y.  pi(p)
k=0 Ck pokt1
Ptk odd
and similarly for the second derivative
2
(1.4.45) S == Y plp - KYilp)
Ck p:k+2
p+h even

The amount of work to carry out the differentiation in this form is O(N?) operations which

destroys the Nlog N efficiency. Instead, we can employ the recursion relation which follows
directly from (1.4.44)

(1.4.46) W (k+1)=w(k~1)-cx_1 — 2kb(k).
To see this in a different way we note that

sin(k + 1)8 = sin(k — 1)@ + 2sind cos kb,
which leads to

1 dThy 1 dT
k+1 dz k-1 dz

+ 2Tk(m),
and hence

2 pnuia) = 3 "Ra(R)Ti(=) =

1
(o' (k—1)— ' (k+ 1))—T,:(m) =«— summation by parts

112 Z "~ I

MO M|»—*ﬁ'

MZIZMZO

2
I
©
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as asserted. In general we have
(1.4.47) @k +1) = @ (k - 1)eey — 2ka1(k).

With this w(k) can be evaluated using O(N) operations, and the differentiated polynomial
at the grid points is computed using another cos-FFT employing O(N log N) operations

d N

(1.4.48) —YNW(Z)|omz, = 3 "W'(k) cos kz,,
dz =

with spectral/exponential error

3
No—v §<0<S,

d d Const, -
e | — _— <

(1.4.49) Maxz_xyldmw(a:) dmz/)Nw(m)| <
Const, - e~ V7

The matrix representation of Chebyshev differentiation, Dy, takes the almost antisymmetric

form ) c-(—l)j“’
ooz 7E
ey kAN
(Dr)ix = ¢
2N2+ 1 j=k=o,
| _2N2+1 iken
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2. TIME DEPENDENT PROBLEMS

2.1. Initial Value Problems of Hyperbolic Type

The wave equation,
(2.1.1) Wy = a* Wy,

is the prototype of P.D.E.’s of hyperbolic type. We study the pure initial-value problem
associated with (2.1.1), augmented with 27-periodic boundary conditions and subject to

prescribed initial conditions,
(2‘1'2) w(m,O) = f(:l:), wt(myo) = g(m)

We can solve this equation using the method of characteristics, which yields

(2.1.3) w(z,t) = g(s)ds.

f(z + at) + f(z — at) 1 ratat
2 o).

—at

We shall study the manner in which the solution depends on the initial data. In this context

the following features are of importance.

1. Linearity: the principle of superposition holds.

2. Finite speed of propagation: influence propagates with speed < a. This is the essential

feature of hyperbolicity. In the wave equation it is reflected by the fact that the value of

w at (z,t) is not influenced by initial values outside domain of dependence (z—at, z+at)

3. Existence for large enough set of addmissible initial data: arbitrary C§° initial data

can be prescribed and the corresponding solution is C§°.
4. Uniqueness: the solution is uniquely determined for —co < t < co by its initial data.

5. Conservation of Energy. The wave equation (2.1.1) describes the motion of a string

with kinetic energy, 3p fwidz, and potential one, ;T fwidz, (T/p = a®). In order
to show that the total energy

1
Etotal = EP/(wf + a®w?)dz,

is conserved in time we may proceed in one of two ways: either by the so called energy

method or by the Fourier method.

29



The Energy Method.

Rewrite (2.1.1) as a first order system

?E
2 ot
(2.1.4a) L R I R A T P I ’
Ot | ua 1 0 |0z | u Uz Bw
dz
or equivalently,
Ou Ou
(2.1.4b) =A%

The essential ingredient here is the existence of a positive symmetrizer, H > 0,

0 0.2 _ 4T _ 1 0
s nas[8 %] aan =]} 8],

so that multiplication by H on the left gives

(2.1.6) Hu, = Au,.
Now, multiplying by uT we are led to

(2.1.7) (u, Hu) = (u, A,ue),

and the real part of both sides are in fact perfect derivatives, for by the symmetry of H,

Re(u, Hu,) = %(u, Hu,) + -;—(Hut,u) =
1 1 a1
§(u,Hu¢) + §(ut, Hu) = e [a(u, Hu)] ,

and similarily, by the symmetry ofA,, we have

1 1
Re(u, Ayuz) = ~(u, A,u;) + —2—(A,uz,u) =

6[1
2

P i(u, A,u)] )

Hence, by integration over the 27-period we end up with energy conservation, asserting

d 2 2 2, d . _
(2.1.8) E/;(w' + a’w?)dz = E-/;(u,Hu)dm = /.«: a—m(u, A,u)dz = 0.

We note that the positivity of H was not used in the proof and is assummed just for the

sake of making (u, Hu) an admissible convex “energy norm.”
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The Fourier Method.

Fourier transform (2.1.4b) to get the O.D.E.

o1
(2.1.9) a“(k t) = ik Ad(k, t),
whose solution is
(2.1.10) a(k,t) = e*4t4(k, 0),

where 4(k,0) is the Fourier transform of the initial data. Now, for

_ -1 _ —a _ —a a
(2.1.11) A=TAT, A_[ a],T_[ : 1},
we find
(2.1.12) ik, t) = Te* T4k, 0)
or
1 e—-ikat 0 s
(2.1.13) Tk )= | © ke | T 0(,0)

and hence (since the diagonal matrix on the right is clearly unitary), the L;-norm of
T-'4(k,t) is conserved in time,i.e.,
(2.1.14) T a(k, )7 = [T 4k, 0)2, T =——| 1 ~@

’ ) ) 2% -1 —a .

Summing over all modes and using Parseval we end up with energy conservation

w, — aw, \ 2 we + aw, \ 2
d _4 /( t a:) < t z>
/(wt + a? w T a T + 2 dz

= 4a2/ | T~ u|’dz = 8ma® ) || T 4(k, t)||* = Const.
z k

(2.1.15q)

as asserted.
We note that the only tool used in the energy method was the existence of a positive sym-

metrizer for A, while the only tool used in the Fourier method was the real diagonalization
of A; in fact the two are related, for if A = TAT~? then for H = (T7*)*T~! > 0 we have

(2.1.158) HA=(T')*'AT™' = A, = AT, A real diagonal.

Energy conservation implies (in view of linearity) uniqueness, and serves as a basic tool
to prove existence. It will be taken as definition of hyperbolicity. It implies and is implied

by the qualitative properties (1) - (4).
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We now turn to consider general P.D.E.’s of the form

(2.1.16a) a—“—P( t, D) P(mtp)~§de-( t)i
e a at"‘ $)> 'LL, » ¥ _jzl Jma 8:1:_.,-’

with 27-periodic boundary conditions and subject to prescribed initial conditions,
(2.1.16b) u(z,0) = f(z).

We say that the system (2.1.16a) is hypberbolic if the following a priori energy estimate
holds:

(2.1.17) |lw(z,t)||L,(s) < Const.z - ||u(z,0)|| L,y —T <t<T.

As we shall see later on this is equivalent to energy conservation with appropriate energy

renorming.

Here are the basic facts concerning such systems.

The Constant Coefficients Case.

d
(2.1.18) 2_1: = P(D)u, P(D)=)_ Ajai, A; = constant matrices.
; z

=1

Define the Fourier symbol associated with P(D):

d
(2.1.19) P(ik) =14 Ajk;, k= (ki kg, ka)eR?,

=1

which naturally arises as we Fourier transform (2.1.18),

(2.1.20) %ﬁ(k, t) = P(ik)i(k, ).

Sovling the O.D.E. (2.1.20) we find, as before, that hyperbolicity amounts to
(2.2.21) PP < Consty, —~T <t<T, for allk's.

For this to be true the necessary Garding-Petrovski condition should hold, namely

(2.1.22) IReA[P(ik)]| < Const.

Example: For the wave equation, A[P(ik)] = +ika.
But the Garding-Petrovski condition is not sufficient for the hyperbolic estimate (2.1.17) as

gul_aliul
Otlu | |0 a|fz|w|
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As before, in this case we have A[P(ik)] = +ika, hence the Garding-Petrovski condition is
fulfilled. Yet, Fourier analysis shows that we need both ||u;(z,0)||z,(z) and || —1(:3 0)||Ls(z) in
order to upperbound ||uy(z,t)||z,(z)- Thus, the best we can hope for with this counterexample

is an a priori estmate of the form
|u(z, t)||Ly(z) < Constr - ]|u(:z:,0)||H1(x), -T<t<LT.

We note that in this case we have a "loss” of one derivative. This brings us to the notion of
weak hyperbolicity.
We say that the system (2.1.16a) is weakly hyperbolic if there exists an s > 0 such that the

following a priori estimate holds:

lu(z, t)l|2s(z) < Constr - ||u(z,0)||go@z)y, T <t<T.

The Garding-Petrovski condition is necessary and sufficient for the system (2.1.18) to be
weakly hyperbolic. The necessary and sufficient characterization of hyperbolic systems is
provided by the Kreiss matrix theorem. It states that (2.1.21) holds iff there exists a positive
symmetrizer fI(k) such that

(2.1.23) Re[H(k)P(ik)] =0, 0<m< H(k) <M,

and this yields the conservation for ||u(z,t)||3, = 27 3 ||1(k)

27rZ (k, 1)), H(k)a(k, 1))

||§?(k)7 i'e‘)

1s conserved in time.
Remark: For an a priori estimate forward in time (0 < ¢t < T), it will suffice to have
(2.1.24) Re[H(k)P(ik)] = —[H( )P(ik) + P(sk)H(k)) < 0.

Indeed, we have in this case

%%(ﬁ(k), H(k)a(k)) < (Re[H(k)P(ik)]i k), i(k)) < 0,

and hence summing over all k’s and using Parseval’s

M
Ilu(xit)“:}q(x) < oo [|“(m:0)|[’iz(=)‘

Special important cases are the strictly hyperbolic systems where P(zk) has distinct real

eigenvalues, so that P(ik) can be real diagonalized
B(k) = iT(k)AR)T1(k),
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and, as before, H(k) = (T~'(k))*T*(k) will do. The other important case consists of

symmetric hyperbolic systems which can be symmetrized in the physical space, i.e. there

exists an H > 0 such that
HA; = Aj, = A,

Most of the physically relevant systems fall into these categories.

Example: Shallow water equations (linearized)

u u U
3| Y +A15a; v +A26i v ] =0,
¢ ¢ V¢
with
up 0 1 vg O 0
A1 = 0 Ug 0 ,Az = 0 Vo 1 y
¢ 0 wuo 0 ¢o vo
can be symmetrized with
do
H = ¢0
1
The Variable Coefficient Case.
ou
(2.1.25) i P(z,t, D)u.

This is the motivation for introducing the notion of hyperbolicity as is: freeze the coeflicients
and assume hyperbolicity of u; = P(zq, tg, D)u uniformly for each (zo,%o); then (unlike the

case of weak hyperbolicity), the variable coefficients problem is also hyperbolic.

Remark: This result is based in the invariance of the notion of hyperbolicity under low-

under perturbations; it restricts hyperbolic system to be of first-order.

So far we have dealt with hyperbolicity via the Fourier method studying the algebraic

properties of its symbol p(zk), we can also work with the energy method.

For example, if we assume that P(z,t, D) is semi-bounded, i.e., if

(2.1.26) —M[ull%, sy < Re(u, P(2,t, DYu)ryey < Mlull, iy 0 < M,

then we have hyperbolicity.

34



Example: The symmetric hyperbolic case A;(z,t) = Al(z,t): we can rewrite such sym-

metric problems in the equivalent form

Ju 1 Ou 5] 1
—— — — —_ . B B=—-—
Bt 2 \'zj: AJ 6:1c,- + z]: 6.’1:1'(AJU) + t 2 Z

7 J

In this case the symmetry of the A;’s implies that %[Z AJéa: + ZJ 32, —(A; u)] is skew-
adjoint, i.e., integration by parts gives
) = 0.
La(z)

Re(u, P(z,t, D)u)Ly(z) = Re(Bu, u)Ly(z),

and hence the semi-boundedness requirement (2.1.26) holds with M = ||ReB||. Conse-
quently, if A;(z,t) are symmetric (or at least symmetrizable) then the system (2.1.16a) is

0

ZAJa Z@ (Aju)

Therefore we have

hyperbolic.
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2.2. Initial Value Problems of Parabolic Tipe.

The heat equation,
(2.2.1) Up = AUz, a > 0,

is the prototype of P.D.E.’s of parabolic type. We study the pure initial-value problem
associated with (2.2.1), augmented with 27-periodic boundary conditions and subject to

initial conditions

(2.2.2) u(z,0) = f(z).

We can solve this equation using the Fourier method which gives

(2.2.3) ik, t) = e ¥t f(k).

It shows the dissipation effect (= the rapid decay of the amplitudes,

u(k, t)|, as functions of
the high wavenumbers, |k| 3> 1) in this case, which is the essential feature of parabolicity.

As before, we study the manner in which the solution depends on its initial data.

1. Linearity: the principal of superposition holds.

2. Uniqueness: the solution is uniquely determined for ¢ > 0 'by the explicit formula

2

(2.2.4) u(z,t) = /1:_00 Qlz—v,t)f(y)dy, Q(z)= \/41_6':_:? > 0.

Tat

3. Existence for large enough set of addmisible initial data: bounded initial data f(z)
can be prescribed (or at least |f(z)| < ***), and the corresponding solution is ¢ -

in fact u(z,t > 0) is analytic because of exponential decay in Fourier space.

4. The maximum principle: follows directly from the representation of u(z,t) as a convo-

lution of f(z) with the unit mass positive kernel Q(z).

5. Energy decay: as usual we may proceed in one of two ways.

The Fourier Method. We start with

I, O, < 27 S LA - Mk - |e727) < Const.t™ - 11,
k

(since the quantity inside the above brackets is maximized at k%at = s). The last a priori

estimate shows that the parabolic solution becomes infinetly smoother than its initial data
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is as we "gain” infintely many s-derivetives, and at the same time, higher derivetives decay

faster as t T oo. Alternatively, we can work with the

Energy Method.

Multiply (2.2.1) by u and integrate to get

1d
(226) 2wl e < ~allualltco
and in general
1d 8% & tlu
(22.7) ZdtH HL; — ConSt ” 3+1||L2

successive integration of (2.2.7) yields (2.2.5).

Turning to general case, we consdier mth-order P.D.E.’s of the form,

Ou

(2.2.8) 5

= P(z,t,D)u, P(z,t,D)= > Az, t)D’
}71=0

We say that the system (2.2.8) is weakly parabolic of order a if

as

Oz*

In the constant coefficients case this leads to the Garding-Petrovski characterization of

(2.2.9) | s—=u(z, t)||z, < Const.t™"V*||u(z, 0)| 1,(x)-

parabolicity of order (3, requiring

P(ik) = fj Aj(ik)’} < —A-|k]° + B.

l71=0

Rel

Remark: Generically we have « = 8 = m the order of dissipation which is necessarily

even.

The extension to the variable coefficients case (with Lipschitz continuous coeeficients)

may proceed in one of two ways. Either, we freeze the coeeficients and apply the Fourier
method to the constant coeficients problems; or, we may use the energy method, e.g., inte-

gration by parts shows that for

P(z,t,D) Z@ (A(mtau)-{—Bg + Cu,

with A;+ A} > 6§ >0, and B; = Bj, the corresponding systems (2.2.8) is parabolic of
order 2.

Example: u; = atzg + Uzes is weakly parabolic of order two, yet does not satisfy Petrovski

parabolicity.
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2.3. Well-Posed Time-Dependent Problems.

Hyperbolic and parabolic equations are the two most important examples of time-dependent

problems whose evolution process is well-posed. Thus, consider the initial value problem

du
(2.3.1) T P(z,t, D)u.

We assume that a large enough class of admissible initial data

(2.3.2) u(z,t =0) = f(z)

there exists a unique solution, w(z,t). This defines a solution operator, E(t,7) which de-

scribes the evolution of the problem
(2.3.3) u(t) = E(t, m)u(r).

Hoping to compute such solutions, we need that the solutions will depend continuously in

their initial data, i.e.,

(2.3.4) |u(t) — v(2)|| < Constr||w(0) — v(0)||lg» 0<t<T.

In view of linearity, this amounts to having the a priori estimate (boundedness)
(2.3.5) |lu(t) = E(t, 7)u(7)|| < Constr|u(7)|g.,, 0<t<T,

which includes the hyperbolic and parabolic cases.

Counterexample: (Hadamard) By Cauchy-Kowaleski, the system

@_}_AB_U:O) uz[Ul]’A:[O +1:|’

ot Oz -1 0

has a unique solution for arbitrary analytic data, at least for sufficiently small time. Yet,

with initial data

sinn
(236) ul(m,O) = n ’ ’Uq(m,O) = 0,
we obtain the solution
coshntsinnz sinh nt cos nz
wu(z,t) = ——m—,  w(z,t) = ——8
n n

which tends to infinity ||u(:,t)||nm0e — o0, while the initial data tend to zero. Thus this
Laplace equation, Q;—:‘,L + 'g—:} = 0, is not well-posed as an initial-value problem.

Finally, we note that a well-posed problem is stable against perturbations of inhomogeneous

38



data in view of the following

Duhamel’s principle. The solution of the inhomogeneous problem

Ou

(2.3.8) i P(z,t,D)u+ F(z,t)
is given by
(2.3.9) u(t) = B(t,0)u(0) + [ :OE(t,T)F(T)dT.

Proof: We have

%u(t) - g—t[E(t,O)u(O)H%[ /;OE(t,T)F(t)dT]

= P(z,t, D)[E(t,0)u(0)] + E(t, t)F(t) + / ;0%[5‘(@ 7)F(8))dr

= P(z,t, D)[E(t,00u(0) + [ E(t,r)F(r)dr] + F(£) = P(s,t, D)u(t) + F.

T=0

This implies the a priori estimate

t
(2.3.10) |lu(t)|] < Constrl|[u(0)| + ConstT/ |F(7)||zsdr, 0<t<T,
=0

as asserted.
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3. THE FOURIER METHOD FOR HYPERBOLIC AND PARABOLIC EQUA-
TIONS

3.1. The Spectral Approximation

We begin with the simplest hyperbolic equation — the scalar constant-coefficients wave

equation

Ou Ou
(3.1.1) 5 =952
subject to initial conditions
(3.1.2) u(2,0) = f(2),

and periodic boundary conditions.
This Cauchy problem can be solved by the Fourier method: with f(z) = X7, F(k)ei*=

we obtain after integration of (3.1.1),

(3.1.3) %ﬁ(k,t) = ikai(k, t),

with solution

(3.1.4) a(k,t) = e*t f(k),

and hence

(3.1.5) u(z,t) = Y e* f(k)e™ = 37 f(k)e™ ) = f(z + at).
x %

Thus the solution operation in this case amounts to a simple translation
E(t,m)u(e,7) = u(z +a(t —7),1), [E(E7)] =1

This is reflected in the Fourier space, see (3.1.4), where each of the Fourier coefficients has
the same change in phase and no change in amplitude; in particular, therefore, we have the
a priori energy bound (conservation)

(3.1.6) (- DI = 20 Y

k

Wk, t)|* = 2%% HOIEI Ol

We want to solve this equation by the spectral Fourier method. To this end we shall ap-
proximate the spectral Fourier projection of the exact solution Suy = Syu(z,t). Projecting

the equation (3.1.1) into the N-space we have

8 3
(3.1.7) % = Sy [a—“-} .
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Since Sy commute with multiplication by a constant and with differentiation we can write

this as

B’LLN N B’U.N

Thus uy = Syu satisfies the same equation the exact solution does, subject to the approxi-

mate initial data
(319) U.N(t = O) = SNf

The resulting equations amount to 2N + 1 ordinary differential equations (O.D.E.) for the

amplitudes of the projected solution

(3.1.10) ditﬁN(k, t) = ikaiy(k,t), —N < k<N,

squect to initial conditions

(3.1.11) an(k,0) = F(k).

Since these equations are independent of each other, we can solve them directly, obtaining

(3.1.12) an(k, t) = e*etf(k)
and our approximate solution takes the form
N ~ .
(3.1.13) un(z,t) = > f(k)e*=tat),
k=—-N
Hence, the approximate solution up(z, t) = fn(z + at) satisfies
(3.1.14) u(z, t) — un(z,t) = E(t, 0)f(z) — E(¢,0)Sn f(z)

and therefore, it converges spectrally to the exact solution, compares (1.1.26),

lut) = un(Il < I1E(,0)(1 - Sy)f(=)] <

(3.1.15) X

Ns

< (I = Sw)f(2)]| < Const|| f]|g- -

€imilar estimates holds for higher Sobolev norms; in fact if the initial data is analytic then
the convergence rate is exponential. In this case the only source of error comes from the

initial data, that is we have the error equation

(3.1.16) gz[u——uN] :a%[u—uN]
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subject to initial error
(3.1.17) u—uN(t:0) =f—-fN.
Consequently, the a priori estimate of this constant coefficient wave equation

(3.1.18) lu — un(t)]] < Constr|| f — fn|| < Const.||f|

1
Hs F COIIStT =1.

Now let us turn to the scalar equation with variable coeflicients

Ou Ou

(3.1.19) i a(:z:,t)gi, a(z,t) = 27 — periodic.

This hyperbolic equation is well-posed: by the energy method we have

= fu,,,a(:z:,t)u—.]‘a,(a:,t)u2
e e,

(3.1.20) %ad—t [ vz, t)dz = [ualz, e = _% [ axlz, 19z, iz,
and hence

(3.1.220) (e, Hllaey < Comstr - [ £(3)]

with

(3.1.22b) Constr = eMT, M = Max,,[—a.(z,1)]

In other words, we have for the solution operator

1St TYu(m) | zage) < €67 Lata)

and similarly for higher norms. As before, we want to solve this equation by the spectral
Fourier method. We consider the spectral Fourier projection of the exact solution uy =

Syu(z,t); projecting the equation (3.1.19) we get

0 Ou
3.1.23 —UN = ty—| .
(3.1.23) B uw= 5w oz 0 2]
Unlike the previous constant coefficients case, now Sy does not commute with multipli-
cation by a(z,t), that is, for arbitrary smooth function p(z,t) we have (suppressing tige

dependence)

k=-N \j=—o0

N oo
(3.1.246) S'Na(:c)p(a:) = Z ( Z a(k_])ﬁ(])) e'k=
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while
oo N . .
(3.1.24b) a(z)Snp(z) = ( Y a(k—35)p(s) | e
k=—oc0 \j=—-N
Thus, if we exchange the order of operations we arrive at

0w _ om0

(3.1.25) -, = d= )5,

— [a(z,t)Sy — Sna(z, t)]g%

While the second term on the right is not zero, this commutater between multiplication and

Fourier projection is spectrally small, i.e.,

| Snva(z)p(z) — a(z)Svp(z)|| Laz) =

(3.1.26) I(Sy — Da(z)p(z) + a(z)(I — Sn)p(2)lLa(z) <

1+ Gonst.o(@)zae) 6@ - 37

< Const.||a(z)p(z)|| e -
and so we intend to neglect this spectrally small contribution and to set as an approximate
model equation for the Fourier projection of u(z, t)

dvy _ Oun
TR v

Yet, the second term may lie outside the N-space, and so we need to project it back, thus

arriving at our final form for the spectral Fourier approximation of (3.1.19)

avN a’l)N
3.1.27 IuN _ ouy )
(3127 o = s (atw 052
Again, we commit here a spectrally small deviation from the previous model, for
1
(3.0.28) T = Sn)ap(@) sy < Constla(@)o(@) 1+ 755

The Fourier projection of the exact solution does not satisfy (3.1.22), but rather a near by

equation,

6uN _ 5UN
(3.1.29) el Sy (a(m,t) —5;—> + Fy(z,t)

where the truncation error, Fy(z,t) is given by

(3130) FN(:E,t) = SN [a(:c,t)(] — SN)%] .
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The truncation error is the amount by which the (projection of) the exact solution misses

our approximate mode (3.1.27); in this case it is spectrally small by the errors committed in
(3.1.26) and (3.1.18). More precisely we have
1
N¢’
depending on the degree of smoothness of the exact solution. We note that by hyperbolicity,

(3.1.31) 1N (2, )l 2ae) < lla(@, )l za(e) - [lull s

the later is exactly the degree of smoothness of the initial data, i.e., by the hyperbolic
differential energy estimate

1

N

and in the particular case of analytic initial data, the truncation error is exponentially small.

(3.1.32) EN (2, )| La(ey < ez, )| Lagz) - || flloss -

From this point of view, our spectral approximation (3.1.27) satisfies an evolution model
which is spectrally away from that of the Fourier projection of the exact solution (3.1.29).

This is in addition to the spectrally small error we commit initially, as we had before
(3.1.33) vn(t=0) = Snf = fn.

We now raise the question of convergence. That is, whether the accumulation of spectrally
small errors while integrating (3.1.27) rather than (3.1.29), give rise to an approximate
solution vn(z, t) which is only spectrally away from the exact projection uy(z,t). We already
know that the distance between uy(z,t) and the exact solution u{z,t) — due to the spectrally
small initial error — is spectrally small as we have seen in the previous constant coefficient
case.

To answer this convergence question we have to require the stability of the approximate
model (3.1.27). That is, we say that the approximation (3.1.27) is stable if it satisfies an a

priori energy estimate analogous to the one we have for the differential equation
(3.1.34) lun(2)]] < Const.e™*|luy(0)|-

Clearly, such a stability estimate is necessary in any computational model. Otherwise, the
evolution model does not depend continuously on the (initial) data, and small rounding
errors can render the computed solution useless. And on the positive side we will show that
the stability implies the spectral convergence of an approximate solution upn(z,t).* Indeed

the error equation for en(t) = un(t) — vn(t) takes the form

BCN . BeN
(3135) W_ SN a(:z:,t)—%——{-FN(m,t) .

3We note that in the previous constant coefficient case, the approximate model coincides with the differ-
ential case, hence the stability estimate was nothing but the a priori estimate for the differential equation
itself.
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Let En(t,7) denote the evolution operator solution associated with our approximate model.

By the stability estimate (3.1.34)
(3.1.36) |En(t, 7)on(T)|] £ ConsteMt=7)[luy (7).

Hence, by (3.1.36) together with Duhammel’s principle we get for the inhomogeneous error
equation (3.1.35)

(3.1.37a) ent) = En(t,0)en(0) + [ t_o En(t,7)Fu(r)dr

and

(3.1.375) lex(D)ll < Const.e™ [llen(O)lzacey + [ NEw(@,zagerdr]

In our case en(0) = f — Sfw = 0, and the truncation error Fi(z,7) is spectrally small
hence

(3.1.38) lew = un(t) — vn(t)]| < Const.eM* . —

Ns
where the constant depends on ||a(z,t)||r(!) and ||f||gs+, i-e., restricted solely by the

smoothness of the data. In the particular case of analytic data we have exponential conver-

gence
(3.1.39) llen(t) = un(t) — un(t)|| < Const.eMt. eV,

Adding to this the error between up(t) and u(¢) (- which is due to the spectrally small error
in the initial data between fy and f) we end up with

A% for H**! initial data
(3.1.40) |u(t) — vw(t)|| < Const.e™.

~ e~ for analytic initial data

To summarize, we have shown that our spectral Fourier approximation converges spectrally
to the exact solution, provided the approximation (3.1.27) is stable.

Is the approximation (3.1.27) stable? That is, do we have the a priori estimate (3.1.34)?
To show this we try to follow the steps that lead to the analogue estimate in the differential

case, compare (3.1.20). Thus, we multiply (3.1.27) by vn(z,t) and integrate over the in-

period, obtaining

1d

a'UN
—— 2 = e .
(3141) th./zvN(m’t)dz +LUN($:t)SN (a‘(m)t) oz ) dz
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But vy(z,t) is orthogonal to (I — Sy) [a(:c,t) a—;ﬁi] so adding this to the right-hand side of
(3.1.41) we arrive at

ld 2 _ Ovn
5T ch(:n,t) = /zvN(:z:,t)a(:c,t)—ax—dm

and we continue precisely as before to conclude, similarly to (3.1.22), that the stability
estimate (3.1.34) holds

(3.1.42)

(3.1.43) lun ()] < Const.e™*|un(0)]l, M = Max, [—a.(z,t)].

In the constant coefficient case the Fourier method amount to a system of (2N + 1)
uncoupled O.D.E.’s for the Fourier coeflicients of vy = upy which were integrated explicitly.
Let’s see what is the case with problems having variable coefficients say, for simplicity,
a = a(z). Fourier transform (3.1.22) we obtain for #(k,t) = ¥n(k,t) — the kth-Fourier
coefficient of vy(z,t) = TN _ 0(k, t)et*e,

. N
d”(dkt’t) = 3 a(k-5)ija(,t), -N<k<N.

i=—N

(3.1.44)

In this case we have a (2N + 1) x (2N + 1) coupled system of O.D.E.’s written in the

matrix-vector form, consult (1.2.46)

p ) (=N, 1) )
(3.1.45) Eﬁ(t) = AAY(t), (t) = : Ay = a(k — 7), A = diag(ik).
o(N, 1)

We can solve this system explicitly (since a (-) was assumed not to depend on time)
(3.1.46) (1) = eAMH(0);

that is, we obtain an explicit representation of the solution operator

(3.1.47) En(t,7) = Fleft-nFy A=Ay, A=Ay

where F)y denote the spectral Fourier projection

H(—N)
(3.1.48) Fyun(z) = :
o(N)
We note that in view of Parseval identity || Fyun(z)||2 = ||un(2)||L,(z) (modulo factorization

factor), hence, stability amounts to having the a priori estimate on the discrete symbol

En(t,7) = eANAt=7) | requiring
(3.1.49) ||e‘i"A(t_T)H < Const.eMt=7).
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The essential point of stability here, lies in having a uniform bound in the RHS of (3.1.49)

independent on the order of the system, e.g., a straightforward estimeate of the form
(3.1.50) [eAnAt=m)|| < ellAnlHIAIE=)

will not do because ||Ay|| leoo. The essence of the a priori estimate we obtained in
(3.1.22), and likewise in (3.1.42), was that the (unbounded) operator P(z,t,D) = a(z,t)0

is semi-bounded, i.e.,

Re [a(w»)?] - [a(m,t)— - —(a(m,w-)} = ez, )

z

namely, compare (2.1.26)
6}
(Re [a(m,t)——] u,u) < M||u]['iz(z)
Oz La(2)

and likewise for Re (Sy |a(z,t)2|). In the present form this is expressed by the sharper
oz

estimate of the matrix exponent,* compare (3.1.50)

(3.1.51) ||eANA=T)) < olIReAnAll(t=7),

This time, |ReAnA| like the Re[P(z, t, D)], is bounded. Indeed, [ReAAls; = L[a(k — 7)ij +

a(y — k)uk], and since a(z,t) is real (hyperbolicity!) then a(p) = a(—p), i.e.,
P 1
(3.1.52) [ReAA]x; = 51(] —k)a(k—37) —-N<jk<N.

Thus, ReAA is a Toeplitz matrix, namely its (k, j) entry depends solely on its distance from
the main diagonal k — j; we leave it as an exercise — using our previous study on circulent
matrices in (1.2.43) - to see that its norm does not exceed the sum of absolute values along

the, say, zeroth (7 = 0) row, i.e,,

N
(3.1.53) |IReAyAll < = 3
k=N

ka(k)|

1
2
which is bounded, uniformly with respect to N, provided a(z, t) is sufficiently smooth, e.g.,

we can take the exponent M to be

N N

IA

(3.1.54)

i3
< 5 ‘ ”a'x:r(w)t)”Lz(:r)

“To see this, use Duhammel’s principle for & = ReAAD(t) + F(t) where F(t) = iImAAeAM or integrate
directly.
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which is only slightly worse than what we obtained in (3.1.43).
A similar analysis shows the convergence of the spectral-Fourier method for hyperbolic

systems. For example, consider the N x N symmetric hyperbolic problem

Ou
FI

We note that if the system is not in this symmetric form, then (in the 1-D case) we can bring

(3.1.55a) Az, t)——+ B(z,t)u, with symmetric A(z,t).

it to the symmetric form by a change of variables, 1.e.; the existence of a smooth symmetric

H(z,t) such that H(z,t)A(z,t) is symmetric, implies that for w(z, t) = T7(z, t)u(z, t) with
= (T7)*T~! we have, compare (2.1.15b)

%’:’ = T~ Yz, t)A(z, t)T(z, t)%’“mﬂ

where T7(z,t)A(z,t)T(z,t) = T*(z,t)H(z,t)A(z,t)T(z,t) is symmetric, and C(z,t) =

B(m,t)-}—aT— (z,t)—T(z,t)A(z, t)4E(x, ). The spectral Fourier approximation of (3.1.55a)

takes the form

(3.1.55b) + C(z,t)w(z, t)

8
%) + Sy B(z, t)on(z, 1).

6‘UN

(3.1.56) 5

=Sy <A(:I:, t)
Its stability follows from integration by parts, for by orthogonality

1d '
(3.1.57a) =— [ vi(z,t)dz = /vNA(a:,t)av—Nd:c+/uNB(a:,t)uNdm < M/va(:c,t)da:

2 dt b

where

(3.1.57b) M = Max,, [— M(gz’ Y | ReB(s, t)}
and hence

(3.1.58) lon(2) |22z < e flun(0)]].

The approximation (3.1.56) is spectrally accurate with (3.1.55) and hence spectral conver-
gence follows. The solution of (3.1.56) is carried out in the Fourier space, and takes the

form

(3.1.59) v(k t) Z - 75,t)i59(4,t), —N<k<N,

which form a coupled (2N + 1) x (2N + 1) system of O.D.E.’s for the (2N + 1)-vectors of
Fourier coeflicients ¥(k, t).
There are two difficulties in carrying out the calculation with the spectral Fourier method.

First, is the time integration of (3.1.59); even in the constant coefficient case, it requires to
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compute the exponent eAAt which is expensive, and in the time-dependent case we must
appeal to approximate numerical methods for time integration. Second, to compute the
RHS of (3.1.59) we need to multiply an (2N + 1) x (2N + 1) matrix, AA by the Fourier
coefficient vector which requires O(N?) operations. Indeed, since A is a Toeplitz matrix and
A is diagonal, we can still carry out this multiplication efficiently, i.e., using two FFT’s which
requires O(N log N) operations. Yet, it still necessitates to carry out the calculation in the
Fourier space. We can overcome the last difficulty with the pseudospectral Fourier method.

Before leaving the spectral method, we note that its spectral convergence equally applies
to any P.D.E.

(3.1.60) g—’: = P(z,t,D)u

with semi-bounded operator P(z,t, D), e.g., the symmetric hyperbolic as well as the parabolic
operators. Indeed, the spectral approximation of (3.1.60) reads

0
(3.1.61) ;;V = Sy P(z,t,D)vy.
Multiply by vy and integrate — by orthogonality and semi-boundedness we have
1d
(3.1.62) 5T xva(:z:,t)dm = Re(vy, P(z,t,D)uy) < M/M va(z,t)dz.

Hence stability follows and the method converges spectrally.
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3.2. The Pseudospectral Approximation

We return to the scalar constant coeflicient case

ou Ou
(321) —a—t = aa—m
subject to periodic boundary conditions and prescribed initial data
(3.2.2) ‘ u(z,0) = f(z).

To solve this problem by the pseudospectral Fourier method, we proceed as before, this time

projecting (3.2.1) with the pseudospectral projection ¥y, to obtain for uy = ¥nyu(z,t)

Ouy Ou

(3.2.3) —; = ¥n (aa—m) .

Here, 5 commutes with multiplication by a constant, but unlike the spectral case, it does

not commute with differentiation, i.e., by the aliasing relation (1.2.2) we have

90 XN . . N .
(324a)  Ywzh 30 (ke(k)e™ = 32 ilk +5(2N + 1)Jplk+ 52N + 1))
k=~N k=-N 3
where as
8 N . N .
(3.2.48) sobwp = 3 (kp(K)E™ = 30 ik 3 plk+ (2N + 1))
z k=—N k=-N ]

The difference between these two operators is a pure aliasing error, i.e., we have for Yy =
Sy + Ap, see (1.2.13)

dp d . d N . . " . vk
v~ op) = || o= 3 Salk 2N + DJiCk 4 G2 + e
k=—N 770

which is spectrally small. Sacrificing such spectrally small errors, we are led to the pseu-

dospectral approximation of (3.2.1)

B’UN 6‘UN
3.2.5 — =
(3.2.5) ot ot
subject to initial conditions
(326) ‘UN(t = 0) = ‘(,be

Here, vy = vn(z,t) is an N-degree trigonometric polynomial which satisfies a nearby equa-
tion satisfied by the interpolant of the exact solution ¥nu(z,t). That is, ux = Yu(z,t)

satisfies (3.2.5) modulo spectrally small truncation error

6UN = a?ﬂ + FN(II},t), FN(a:,t) = a‘(,bN

(3.2.7) S =g

(%(I - ¢N)“}
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where by (3.2.3), Fy(z,t) = a[ N — i(z/wu)l, and by (1.2.17) it is indeed spectrally

Ox Bz
small

1
Hetl N’ .

(3.2.8) [En(z, )]} < la] llga;[(f— ¥w)ulll] < la| [u|

The stability proof of (3.2.5) follows along the lines of the spectral stability, and spectral
convergence follows using Duhammel’s principle for the stable numerical solution operator.

That is, the error equation for ey = uy — vy is

(3.2.9) 6(;;:, = a%e;: + Fn(z,t)
whose solution is
(3.2.10) en(t) = Ex(t,0)(/w — b f) + [ t:o En(t,7)Fy(z, 7)dr.
Hence, by stability
(3.2.11) llen(t)]| < Const.eM* . ||u| gots —]\—}:‘_ < Const.eM!|| || go+1 - 7\]1—‘;
this together with the estimate of the pseudospectral projection yields

s  for H**! initial data

(3.2.12) llu(t) — wn(2)|| < Const.eM*.

e~"V  for analytic initial data

To carry out the calculation of (3.2.5) we can compute the discrete Fourier coefficients 3(k, t)

which obey the O.D.E.,

(3.2.13) j—:(k,v) = ikat(k, t),

as was done with the spectral case; alternatively, we can realize our approximate interpolant
vn(z,t) at the 2N 4+ 1 equidistant points z, = vh, and (3.2.5) amounts to a coupled (2N +1)
- O.D.E. system in the real space

d’UN _ 6’UN N - )
(3.2.14) W(zu,t) = aa—z(w =z,,t) v=0,1,---,2N.
(3.2.15) vy (s, 0) = f(z,).

Let us turn to the variable coefficient case,

Oou Ou

(3.2.16) i a(m,t)a—m.
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The pseudospectral approximation takes the form

(3.2.17a) %’i =y [a(m,t)%}

(3.2.17b) un (2, 0) = f(z.).

It can be solved as a coupled O.D.E. system in the Fourier space, but just as easily can be

realized at the 2N + 1 so-called collocation points

d’UN(:B,,, t)

(3.2.18a) 7 a(z,, t) (a: =T,,t)

(3.2.18%) un(Zw,t = 0) = f(z,).

The truncation error of this model is spectrally small in the sense that uy = ¥yu satisfies

(3.2.19) au” =Y [ (z, )6;;"} + Fi(z,t)
where
(3.2.20) Fn(z,t) = ¢y [a(m, t)g—::] S [a(m, t)%(lﬁzvu)]

1s spectrally small

1Fn(z, )l < ll¥w |ale, t) — (I = yw)u]]| <

(3.2.21)
1

N+

Hence, if the approximation (3.2.12) stable, spectral convergence follows. Is the approxima-

< lla(z,)llz - [|£]

H|+1 *

tion (3.2.12) stable? The presence of aliasing errors is responsible to a considerable difficulty
in proving this, and currently this is an open question. If we try to follow the differential
and spectral recipe, we should multiply by vnx(z,t) and integrate by parts. However, here
vn(z,t) is not orthogonal to (I — ¢n)[--+] which otherwise would enable us to follow the
differential estimate of [un(z,t)a(x,t)Z(z, t)dz in terms of [, v} (z,t)dz; more precisely,
we have for Yy = Sy + An that I —ypy = I — Sy — Ay where fon(I — Sy)[---]dz = 0,
compare (3.1.41), (3.1.42); yet f vy An[- - -]dz leaves us with an additional contribution which
cannot be bounded in terms of f, v4(z,t)dz in order to end up with the stability proof with
Gronwall’s inequality. To shed a different light on this difficulty, we can turn to the Fourier

space; we write (3.2.17) in the form

(3.2.22) —— =afz)——



and Fourier transform to get for the kth Fourier coefficient

(3.2.23a) %a(k, t) = _}_j a(k — 7,t)ij0(J,t)
(3.2.23b) %i(t) = AnA(t) Awj= alk—j+ p(2N +1)].

4

This time, ReAyA is unbounded. This difficulty appears when we confine ourselves to the
discrete framework: multiplying (3.2.18a) by v(z,,t) and trying to sum by parts we arrive

at

1d 5 ov
y S en ) = T alen Do(en ) 32(50)

v

(3.2.24)

=> ;?a—:z: [—;-a(:z:, t)vz(m,t)] -3 :,lz'a’(mw tyuy (2, t);

=Xy

but the first term on the right does not vanish in this case — it equals, by the aliasing relation,

to
¥ % Ea(m, t)vz(w,t)]

v

= [ b+ T N + D)jalp (2N + 1)

p#0
and a loss of one derivative is reflected by the factor 2N +1 inside the right summation. There
are two main approaches to enforce stability at this point: skew-symmetric differencing and

smoothing. We discuss these approaches in the next two subsections.
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3.3 Skew-Symmetric Differencing The essential argument of well-posedness for symmetric

hyperbolic systems with constant coefficients is the fact that (say in the 1-D case) P(D) =
A L is a skew-adjoint operator what is loosely called “integration by parts”..... With variable

coefﬁc1ents this is also true, modulo low-order bounded terms, 1.e.,

(3.3.1) P(z,t,D) = Az, t)% = % [A(a:, H2 1+ 9 (o, t)-)] — A, (z,1).

The stability proofs of spectral methods follow the same line, i.e., we have in the Fourier
space, compare (3.1.45), (3.1.52)

(3.3.2) AnA = % [ANA - AAN] + % [ANA + A'AN]

and stability amounts to show that the second term in (3.3.2) is bounded: for then we have
in (3.3.2) (as in (3.3.1)) a skew-adjoint term with an additional bounded operator. The
difficulty with the stability of pseudo-spectral methods arises from the fact that the second
term on the right of (3.3.2) is unbounded,

(3.3.3) My oo || = (ANA + A*AN)|| T oo.

To overcome this difficulty, we can discretize the symmetric hyperbolic system (again, say
the 1-D case)

(3.3.4a) ?91: Az, t)

when the spatial operator is already put in the “right” skew-adjoint form, compare (3.3.1),

ou 1 ou 0
3 At

(3.3.45) =2 lae s + %(A(m,t)u)} - %Ar(m,t)u.

The pseudospectral approximation takes the form

3'u,N Ouy 0 1
35 2o d v (4052 + e )| — (A, ().
In the Fourier space, this gives us
dv 1 BAN .
(336) E = —[ANA + AAN]’U - = (9:1: v.

Now, AnA + AAp is symmetric because A is, %I& is bounded and stability follows.
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3.4. Smoothing

We have already met the process of smoothing in connection with the heat equation:
starting with bounded initial data, f(z), the solution of the heat equation (2.2.1)

—z
£ tat s
Vira

represents the effect of smoothing f(z), so that u(-,t > 0)eC* (in fact analytic) and u(z,t |
0) = f(=).

A general process of smoothing can be accomplished by convolution with appropriate

(3.4.1) u(z,t) = @ * f(z), Qz)= t>0

smoothing kernel Q(z)

(3.4.2) fo(z) = Qc(z) * f(z)
such that

(3.4.3a) Q.(z) * f(z)

is sufficiently smoother than f(z) is, and

(3.4.3b) Qulz) * f(z) — f(2).

With the heat kernel, the role of ¢ was played by time ¢t > 0. A standard way to construct
such smoothers is the following. We start with a C*-function supported on, say, (-1,1), such

that it has a unit mass

(3.4.4a) /_11 Q(a)dz = 1

and Zero ﬁl‘St 7 moments

.

(3.4.4b) / $]¢(m)dm = 0’ ] fond 1,2, e ’r.
-1

Then we set Q.(z) = :Q (f) and consider

(3.4.5) fe(z) = Q) * f(z), €>0.
Now, assume f is (r + 1) - differentiable in the € neighborhood of z; then, since Q.(z) is
supported on (—¢,¢) and satisfies (3.3.4a) as well, we have by Taylor expansion

f(2) = Qc(z) * f(z) = Q.(y)f(z) — f(z —y)ldy =

ly[<e

G PTG g
= Je O [Z RO S TGl E

(3.4.6)
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The first » moments of Q.(y) vanish and we are left with
(3.4.7) 1(z) — Q.(z) * f(z)| < Const. Maxjy_gce| T (y) - €™,

i.e., f.(z) converges to f(z) with order7+1 as e — 0. Morevoer, f.(z) is as smooth as ¢(z)

is, since

(3.48) o) = [ 20 (222) sy

€

has many bounded derivatives as @ has, i.e., starting with differentiable function f of order

r + 1 in the neighborhood of z, we end up with regularized function fe(z)in C*, s > 7.
Example: For C* regularization — choose a unit mass C> kernel, see Figure 6,

Qoe ™, |z| <1
(3.4.9a) $(z) = with Qo such that /¢(m)dz = 1.
0, lz| = 1

Then f.(z) = Q.(z) * f(z) is a C* regularization of f(z) with first order convergence rate

(=) cg.(z)
//
/\7 — —
Figure 6:
(3.4.9b) |f(z) — fo(z)] < Const.Maxjy_q|cc|f'(y)] - € = 0.

To increase the order of convergence, we require more vanishing moments which yield more

oscillatory kernels as in Figure 7.
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Figure T7:

We note that this smoothing process is purely local - it involves e-neighboring values of
C™! function f, in order to yield a C*-regularized function fe(z) with f.(z)— f(z). The
convergence rate here is r + 1.

We can also achieve local regularization with spectral convergence. To this end set

(3.4.10a) Qn(z) = p(z)Dn(z)
where p(z) is a C*-function supported on (—e€,¢€) such that, see Figure 8,

(3.4.108) p(0) = 1.

p(z)Dn(z)

A
vy
—E&

/lﬂn Aﬂnm .
AAAN

Figure 8:
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Consider now:

(3.4.11) fn(z) = Qn * f(=).

Then fy(z) is C* because Qy is; and the convergence rate is spectral, since by (1.1.25)

f(@) = Qux f(e) = f(=) = [ _ Dn()o()f(e = y)dy

(3.4.12a)
= f(z) — p(y) f(z — y)ly=0 + residual
where
(3.4.12b) |residual| < Const. | p(y)f(z — y)I H'(—‘ﬂ)j\r—}Tf for any s > 0.

Thus, the convergence rate is as fast as the local smoothness of f permits; of course with
p = 1 we obtain the C*-regularization due to the spectral projection. The role of p was to
localize this process of spectral smoothing.

We can as easily implement such smoothing in the Fourier space: For example, with the

heat kernel we have
(3.4.13) a(k,t) = e~ f (k)

so that 4(k,t) for any ¢t > 0 decay faster than exponential and hence u(z,t > 0) belong
to H* for any s (and by Sobolev imbeddings, therefore, is in C* and in fact analytic). In
general we apply,

(3.4.14) f)= 3 ARk

such that for f.(z) to be in H* we require

(3.4.15a) i (1 + |52)°|Q.(R)(f(K)I* < Const.

k=—a

and r + 1 order of convergence follows with

(3.4.15b) |¢e(k) — 1| < Const.(ek) .

Indeed, (3.4.15b) implies

If(z) — fe(z)] < Const.e™t? i lk’+1f(k)eik’|
(3.4.16) k=—a

< Const. Max|f(+1)]. g+,
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Note: Since q@,(k) 1 0 we can deal with any unbounded f by splitting 3= xi<jko| T Z|ki>[kol- 1O

obtain spectral accuracy we may use

) =1, k| < &
(3.4.17a) On(k) = {

~ smoothly decay to zero % <|k|<N

Clearly @y * f(z) is C* and as in Section 1

1
Hs N,—l.

(3.4.17b) f(2) = @un* f(e) < X |f

|)>Ne

We emphasize that this kind of smoothing in the Fourier space need not be local; rather
Q.(z) or ¢n(z) are negligibly small away from a small interval centered around the origin
depending on € or 3. (This is due to the uncertainty principle.)

The smoothed version of the pseudospectral approximation of (3.2.16) reads

v
(3.4.18) —N = yn(a(z, )5 (Q xu))
i.e., in each step we smooth the solution either in the real space (convolution) or in the Fourier
space (cutting high modes).®* We claim that this smoothed version is stable hence convergent
under very mild assumptions on the smoothing kernel @ n(z). Specifically, (3.4.18) amounts
in the Fourier space, compare (3.2.3)

0%
az — ANAQy7.

The real part of the matrix in question is given by

(3.4.19)

(3.4.20a) [ReAnAQNj = ik — X)) a[k—j+p(2N +1)], —-N<k,j<N
14

where AQy = diagg(iAx)
(3.4.20b) i = 1kQn(k)
is interpreted as the smoothed differentiation operator. Now, looking at (3.4.20a) we note:

1. For p = 0 we are back at the spectral analysis, compare (3.1.12), (3.1.13) and the real

part of the matrix in (3.4.20a) — the aliasing free one - is bounded.

2. We are left with |p| = 1: in the unsmoothed version, these terms were unbounded
since |Ag — Aj] T co as k | —N or j T N. With the smoothed version, these terms are
bounded (and stability follows), provided we have

5Either one can be carried out efficiently by the FFT.
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3.4.21 A = kO n(k)— O .
(3.421) Ak = ik Qu(B) ¢

For example, consider the smoothing kernel @ n(z) where

A sin kh 27
(3.4.22q) @n(k) = < h= SN
This yields the smoothed differentiation symbols
kh
(3.4.22b) A = 2sin e

which corresponds to the second order center differencing in (1.2.36); stability is immediate

by (3.4.21) for

. 2xk

A\ = SID N1 , 0

| k= 27k I KN :
2N+1 ‘ |T

Yet, this kind of smoothing reduces the overall spectral accuracy to a second one; a fourth

order smoothing will be

A[, . kh . 2kh A Ak
I N =17 - a1 k = -7
(3.4.23a) Ak '3 4 sin - sin 5| Qn(k) =
or
62 sinkh . Ak
(3.4.23b) Ap = B 4T 2cos kR’ Qn(k) = =

In general, the accuracy is determined by the low modes while stability has to do with
high ones. To entertain spectral accuracy we may consider smoothing kernels other than
trigonometric polynomials (= finite difference), but rather, compare (3.4.17)

A { =1, k| <&
(3.4.24) @n(k) =
~ smoothly decay to zero I < |k| < N.
An increasing portion of the spectrum is differentiated exactly which yields spectral accuracy;
the highest modes are not amplified because of the smoothing effect in this part of the
spectrum.
We close this section noting that if some dissipation is present in the differential model

to begin with, e.g., with the parabolic equation
Ou O Ou
B — I — — >
(3.4.25) 37 = B2 (a(m,t) Bz) , afz,t)>a>0,

then stability follows with no extra smoothing. The parabolic dissipation compensates for
the loss of “one derivative” if first order terms are present. To see this we proceed as follows:

multiply

(3.4.26) -E-(ac,,,t) = a—am— [a(w,,,t)gz——(m,, t)]



by vn(z,t) and sum to obtain

a‘UN

(3.4.27) 2dt ZvN (z,,t) = E‘UN((E,,, t)aa—m(a(mu,t)g(mu,t)).

Suppressing excessive indices, vn(2,,t) = v,(t), we have for the RHS of (3.4.27)

(3.4.28) ;v"% (a,,(t)%’mi) - %E a% (a,,(t)%—?) ~ Y a(t) (651:)2'

v

Now, the first sum on the right gives us the usual loss of one derivative and the second
are compensates with gain of such quantity. Petrowski type stability (gain of derivatives)
follows. We shall only sketch the details here. Starting with the first term on the right of
(3.4.28) we have

(3.4.29) -Z 52 (“v”" x) 2./6:1:

while for the second term

(3.4.30) — Y a,(t) (av,> < —a/ [av—N(w t)r

and this last term dominates the RHS of (3.4.29).

[aliasing errors]

l\)lk—‘
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APPENDIX

A.1. Fourier Collocation with Even Number of Gridpoints

We assume w(z) is known at

(A1.1) w, =w(z,) z,=r+vh v=0,1,---,2N
with h = -2?% = % and 0 < 7 < h. We use the trapezoidal nodes
1 2N " 1 2N-1 .
A12 (k) = — " y“’-‘vh:_ V—l::,,
(412) Bk) = g 2 Twe 21\r§,“’e
to obtain the pseudospectral approximation
N -
(A.1.3) Yyw= 3, "(k)e*.
k=-N

Note: We now have only 2N pieces of discrete data at the different 2N grid points
Lo, Ty, -, ZTan—1 and they correspond to 2N waves, as we have a “silent” last mode, i.e.,
with r =0, k = N, Im[e**],—,, = isinvn = 0. This is a projection, since in view of (A.1.3)
nw is the interpolant of w(z) at z = z,:

N 1 2N+1
N

YNW(E)|e=e, = E Z w(z, e *= ke

k=—N 2N v=0
(A.1.4)
= 2%31 w(z,) - L 3 Heikluvdh — y(z ).
v=0 2N k=-N

The aliasing relation in this case reads — compare (1.2.7)

(A.1.5) w(k) = fj ePN"i(k + 2pN)

p=-a

and spectral convergence follow — compare with (1.2.16)

1
(A.1.6) |Avw(z)| e < Const, - | Tyw(z)||xsy s> 5
In the usual sin-cos formulation it takes the form
(A.17)
N ~ 2N+1
e s . ag 1 cos kz,
_ % | _ < k< N.
Yyw kz:% ay cos kz + by sin kz, [ 5 ] N .,Z—% w(z,) [ sin kz, ] , 0<k<N
Noting that by = 0 we have 2N free parameters ao, {ax, Zk}kN;ll and ay to match our data
at {z,}2N;1.
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